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1 Analysis of the system

Now, we can formulate the main theoretical result about the system. This theoretical result

follows directly from our practical method of solving them.

Case 1 If during our procedures we got an equation of the form 0 = b, where b # 0, then we

should stop and deduce that the system has no solution.

Case 2 If in the row echelon form we have no equation of the form 0 = b, where b # 0, and we
have free variables, than the system has infinitely many solutions, since we can assign to

them any (real) values.

Case 3 Ifin the row echelon form we have no equation of the form 0 = b, where b # 0, and we don’t
have free variables, than the solution can be determined uniquely, so the corresponding

system has only 1 solution.

Theorem 1.1. The system of linear equations can have 0, 1 or infinitely many solutions.

Last lecture we provided an example of a linear system which had free variables in its REF.
Now we will provide an example of a system without free variables, so it would have a unique

numerical solution.

Example 1.2. Let’s reduce the following system to the row echelon form and then solve it.

Ty + X2 + I3 4
Ty + 2.%’2 — X3 = 1 (1)
2.1'1 — To + X3 = 3

First variable with nonzero coefficient is xq, and the first equation has a monzero coefficient

before it too. So, we don’t have to interchange the equations. Now, we’ll subtract the first



equation from the second one, then multiply it by 2 and subtract from the third one. We’ll get
the following system (we should not omit the first equation!!!):

r1 + To + r3 = 4
To — 21’3 = -3 (2)
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Now, we’ll apply the same steps to equations from the 2nd to the 3rd. So, we multiply the

second equation by 3 and add it to the third one (again, do not omit any equations!!!):

Ty + T2 + r3 = 4
Ty — 21‘3 = =3 (3>
- 7{23'3 = —14

Now we have a system in a row echelon form. Now it possible to solve it using the back substitu-
tion process. From the last equation we can determine the value for x3: x3 = (—14)/(=7) = 2.

Now, substituting the value for xs to the second equation we get:
To—2-2=-3, andthus z,=-3+4=1.
Now, substituting the values for xo and x3 to the first equation we get:
r1+14+2=4, andthus 1 =4—3=1.

So, we see that this system has a unique solution (1,1,2).

2 Reduced Row Echelon Form

Last time we learned how to solve linear systems. We used the following 2 steps:
1. Reduce the system to an equivalent system in row echelon form by Gaussian Elimination
2. Solve the system in row echelon form using back substitution

Today we’ll give another method which can be used instead of Step 2 of the algorithm.
To do it we’ll consider another interesting special case of systems — systems in reduced row

echelon forms.
Definition 2.1. The system is said to be in reduced row echelon form (RREF) if
1. It is in row echelon form

2. All coefficients strictly below and above leading terms of equations are zeros



3. All leading terms have coefficients equal to 1
Example 2.2. The following system is in reduced row echelon form:

I + X3 = 2
T2 + 21]3 =

IL‘4:—2

and the following system is not, since not all of the coefficients above x4 in the last equation

are equal to 0:
.

1 + w3 + dwy = 2
To + 213
L Ty = —2
The system
( —x1 + x5 = 2
209 + 213 =
L Ty = —2

1s not in RREF since the coefficients before x1 in the 1st equation and xo in the 2nd equation

are not equal to 1.

Now we’ll learn how to solve a system in RREF.

Actually, solving of system in RREF is really easy — we have to figure out which variables
are leading and which variables are free, give arbitrary values k; to free variables, and isolate
terms with leading variables. This will be a solution of the system in RREF.

Example 2.3. Let’s solve the following system:

X1 + T3 = 2
T + 21’3 = 4

Ty = —2
Leading variables are x1,xo and x4, free variable is x3. So, we’ll assign arbitrary value to x3:
r3 = k3

and move the terms with it to the right hand side:

T = 2 — k‘g
T2 = 4 — 2k’3
Ty = —2

So, the solution of this system is

{(2 — ks; 4 — 2ks; ks; —2) |ks € R}



As we can see, solving the system in RREF is really easy — we should not even perform
any computations — it’s possible simply to write the solution directly from the system!!! But
soon we will develop an algorithm which will allow us to transpose any system to its RREF.

Let’s consider the system in REF and suppose it doesn’t have zero equations. (Otherwise,
if it has an equation of the form Ox; + --- 4+ 0z, = b, b # 0 then the system has no solutions,
and if we have an equation of the form 0x; + - - - + 0z,, = 0, then we can simply omit it). Using
the following algorithm we will be able to transpose this system to RREF.

Backward Elimination

1. Divide all of the equations by corresponding numbers to make leading coefficients equal
to 1.

2. Let z; is a leading variable of the last equation. Now subtract the last equation from
all the previous equations to make coefficients before z; in all equations but the last one

equal to 0.

3. Apply these steps to all equations but the last one.
The description of this algorithm can look scary, but it is really easy to apply.

Example 2.4. Last lecture we reduced the system to the row echelon form and than solved it.

Now we will try to reduce it to RREF. The row echelon form of this system was:

Tro + r3 — T4 = 2
— Xy = 5

First of all we’ll multiply all the equations by corresponding numbers to make leading coefficients
equal to 1. We’ll have the following system:
Ty + 219 + 3 =
Ty + Tz — Ty =
Ty = -5

Now, we’re eliminating x4-terms in the first 2 equations by adding the third one to the second

one:
T 4+ 219 + 73 = 2

o2 + I3 = -3

Ty = —5

Now we need to eliminate the term with xo in the first equation. To do this, we’re subtracting

the second equation multiplied by 2 from the first equation.

T + — X3 = 8
i) -+ I3 = -3
Ty = -5



Now, we have the RREF of our system and we can write the solution to it:
{8+ x3; =3 — x3; w3; —5)| 23 € R}

Example 2.5. We will provide another example of transforming the system to RREF using
the system from the example from the beginning of this lecture. The row echelon form of this
system was:
Ty + X3y + x3 = 4
To — 2x3 = —3 (4)
— Txg = —14
First of all we’ll multiply all the equations by corresponding numbers to make leading coef-

ficients equal to 1. We’ll have the following system:
1 + Xy + r3 = 4
Ty — 2&73 = -3
r3 = 2
Now, we’re eliminating xs-terms in the first 2 equations by subtracting the third one from the

second one and by adding the third equation multiplied by 2 to the 2nd one:

Ty + X9 = 2
i) =1

Now we need to eliminate the term with xo in the first equation. To do this, we’re subtracting

the second equation from the first equation.
T =1
Lo =1
T3 = 2
This is a RREF of our initial system. The thing we can notice here, is that if the system has

a unique solution, the RREF coincides with it.

Actually, the RREF for the system of equation can be defined uniquely, and we can get it

just knowing the solution for the system.
Example 2.6. Let’s suppose that we know, that the system has the following solution set:
{8+ 4zy — w5; x9; 10 — 2x5; 5; x5)| x3, x5 € R}

Than we know, that there will be 2 free variables — x3 and x5, and 3 equations in a RREF —

one for each leading variable x1, x3 and xy. Thus it’s easy to write the system:

rT — 4$2 + Ty = 3
XT3 + 21’5 = 10
Ty = 5



Now, we're ready to provide an algorithm for solving systems.
1. Use Gaussian Elimination to reduce the system to a Row Echelon Form

2. Use Backward Elimination to reduce new system in REF to it’s Reduced Row Echelon

Form

3. Formally write the solution of the system in RREF.

3 Overview of linear systems

So, we developed a method of solving linear systems, and proved our main result about the

number of solutions of a linear system. We can summarize our algorithms in the following

diagram:
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